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Great progress has been made recently in establishing conditions for separability of a particular 
class of Werner densities on the tensor product space of n d-level systems (qudits). In this brief 
note we complete the process of establishing necessary and sufflcient conditions for separability of 
these Werner densities by proving the sufficient condition for general n and d. 
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We consider the d^-dimensional Hilbert space 
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, composed of the direct product of n d-dimensional Hilbert spaces. As in we let j denote the n-tuple j ■ ■ -j and 

1^ ■ define |j) = |j) lE" • • • (8) The particular class of generalized Werner state, M^^''"! (s) , considered here is defined as 

, the convex combination of the completely random state ^-f*-"-* and an entangled pure state |^) (^"1, 

cn; = + (1) 

' where I^"-* is the identity operator on the ^"-dimensional Hilbert space. To be specific, take 

• The Werner state was originally defined in Q for two qubits. Its generalization has been applied to study Bell's 
i-G inequalities and local reality, and it has served as a test case of separability arguments in a number of studies. The 
problem treated here is to determine necessary and sufficient conditions on the parameter s so that W^'^ ' (s) is fully 
' separable. That is 

s ; 

§; W^[''"lGs)=^p(a)p(i)(a)®---(»p(")(a), (2) 

^ ' where the p*^''^ (a) are density matrices on the respective d-dimensional Hilbert spaces and the set of numbers {p{a)} 
k>( \ is a probablility distributuion. For references to many of the related studies and for the relevance of the Werner states 

to the study of entanglement the reader can consult [0j3[j^. 
d i As shown in Q|, a necessary condition for separability for all d and n follows from the Peres partial transpose 

condition or from a weaker condition that can be proved via the Cauchy-Schwarz inequality. Specifically suppose 

j — ji ■ ■ ■ jn and k = ki . . . kn differ in each component: 7^ fcr- Let u and v be indices with Ur ^ Vr and {ur, v^} = 

{jr, kr} ■ Then for fully separable states p 

where p is written as a matrix in the computational basis defined by the tensor products of \ji) {ki \ ,1 < i < n. 
Choosing j and k appropriately in (^) , we obtain the necessary condition 

s<{l + r-y\ (4) 



and special cases of this condition were derived in [pPH ; for example 
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The remaining challenge has been to show that this necessary condition is also sufficient, and various partial results 
have been obtained in the papers just cited. In particular, (^) was shown in to be sufficient for all d and n = 2 
and in ^ sufSciency was established for d prime and all n. In this note we complete the study of this aspect of the 
Werner states by proving the sufficiency part of the following result. 

Theorem: The Werner density W^'^ 1 (s) is fully separable if and only ifs<(l + c?"~^) ^ . 

The relevant technique combines a representation of fully separable states presented in |3j with an induction 
argument presented in [Q. Let s = (l + d"^^) ^ . Then it is easy to show that 

Since the first term in is a sum of separable projections, the proof reduces to showing the separability of the second 
term. It is convenient in what follows to intorduce a set of fixed phases and to show that 



,(n)^_L(z(«)+y^C,|J)(fcal (6) 



where {\Cr\ = 1, r = 0, • • • , d — 1} is separable. 

We proceed by induction. When n — I, (0) becomes 



\j=0 fc=0 / 



p^^^-^i>:>:ob->(fciai (7) 



which is obviously a projection for any choice of the parameters (^r- Now assume that the density matrix of the form 
in is fully separable for n; then we shall show that it is fully separable for n + 1. Following the ideas in Q, for a 
fixed choice of parameters Cr define 

W ' - [QoZq , • • • (5) 

where zj™-* G {±l,±i} and is independent of m. We have a total of 4'* different vectors. It is easy to check that if 
we sum over all m. 



J^wM^C.E^-^-O, E(wW)' = C^E(4"0' = O,and J] |w 



(m) 



= r 



For each vir(™) define the product state p(m) — p*^"^ (w^™)) (g) p^^'' (z*^™^*) where z^™) is equal to w*^"') with all the 
Cr's equal to 1 and 



The state p{m) is separable by the induction hypothesis, and it follows that the convex combination p("+i) 
Jd X)m pI*^) is also separable. Now we multiply out the terms: 

p{n+l) ^ 1 ( J(n+1) + Jin) ^ ^(1) ^ ^(n) ^ j(l) ^ 



^ = EEoaij>(fci®ir-)(si^E 



(■'") m* (m)* (m) 
z^^. z^ Zg 
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Since the components of w^™) are chosen independently of one another, J27n zi"^^*zi™'' = for r ^ s\ consequently, 
A*^"^ and A*^^^ vanish. As noted in Q the choice of the w*^™^ also simplifies the remaining term, since for r ^ s and 



where (5(r, s) is the Kronecker delta. Then 



which is of the same form as with ?i ^ n + 1, completing the induction step and the proof of the theorem. 
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